A series of queues consists of a number of ./M/1 queues arranged in a series order. Each queue has an infinite waiting room and a single exponential server. The rates of the servers may differ. Initially the system is empty. Customers enter the first queue according to an arbitrary stochastic input process and then pass through the queues in order: a customer leaving the first queue immediately enters the second queue, and so on. We are concerned with the stochastic output process of customer departures from the final queue. We show that the queues are interchangeable, in the sense that the output process has the same distribution for all series arrangements of the queues. The 'output theorem' for the M/M/1 queue is a corollary of this result.
Proof. It is sufficient to prove the theorem for arbitrary non-stochastic input processes. For if the theorem is true for every non-stochastic realization of the stochastic input process A (t), then it is true for that stochastic input process. So suppose that no customers are present before time 0 and that the non-stochastic input process is such that the number of customers entering the first queue in the interval [0, t) is a (t). We say that two queues in series are in state (t, m, n), when the time is t, the first queue contains a(t)-m -n customers, the second queue contains m customers, and n customers have already departed (customers which arrive at time t are considered to be 'just arriving'). Throughout what follows the phrase, 'for all (t, m, n)', is taken as meaning, 'for all states (t, m, n) which can be reached from the state (,0, 0,0)'. We consider the departure times of the first n* 691 customers and show that their joint distribution is the same for both orderings of the queues. Consider first the system ./M1/l -/M2/1, and suppose that the first server has rate A and the second server has rate /, where without loss of generality A + , = 1. Suppose the system is in state (t, m, n) with n < n*. Starting from this state, let D (t, m, n) be the departure time of the jth customer (j = n + 1, * , n*). Define the joint Laplace transform of the departure times of these n * -n customers as 
FP(t, m, n) and F (t, m, n), which tend to F(t, m, n) and F (t, m, n) respectively as k tends to oo. We then show by induction on k that F(t, m, n)= F (t, m,n) for all k.
Consider the system /M1/1->/M2/1. When both servers are busy the time until a customer completes service in one or the other of the queues is distributed as an exponential random variable with mean 1 (A + ,u = 1). This suggests the following device. We suppose that in addition to the 'real' customers already considered the system contains an infinite number of 'virtual' customers in each queue. A server serves virtual customers whenever there are no real customers in its queue, but as soon as a real customer enters the queue the server attends to that real customer. So the presence of virtual customers makes no difference to the real ones. But by this device the servers are always busy and the time until the completion of a customer (real or virtual) in one or the other of the queues is always distributed as an exponential random variable with mean 1. The completion occurs in the first queue with probability A and in the second queue with probability /. By considering this first service completion, we have for all (t,m,n) with n< n*, 
